Abstract. Every Serre subcategory of an abelian category is assigned a unique type. The type of a Serre subcategory of a Grothendieck category is in the list:
Introduction
Given a Serre subcategory S of an abelian category A with inclusion functor i : S → A and quotient functor Q : A → A/S, it is fundamental to know when it is localizing (resp. colocalizing), i.e., Q has a right (resp. left) adjoint ( [S] , [G] ). By W. Geigle and H. Lenzing [GL] , S is localizing if and only if there exists an exact sequence 0 → S 1 → A → C → S 2 → 0 with S 1 ∈ S, S 2 ∈ S, and C ∈ S ⊥ ≤1 ; and if and only if the restriction Q : S ⊥ ≤1 → A/S is an equivalence of categories.
In this case the right adjoint of Q is fully faithful. There is a corresponding work for a thick triangulated subcategory of a triangulated category (A. Neeman [N, Chap. 9 
]).
It is then natural to describe Serre subcategories of a fixed abelian category via the length of two adjoint sequences where i and Q lie. A finite or an infinite sequence (· · · , F 1 , F 0 , F −1 , · · · ) of functors between additive categories is an adjoint sequence, if each pair (F i , F i−1 ) is an adjoint pair. Each functor in an adjoint sequence is additive.
Let S be a Serre subcategory of an abelian category A with the inclusion functor i : S → A and the quotient functor Q : A → A/S. The pair (S, i) is of type (m, −n), or in short, the Serre subcategory S is of type (m, −n), where m and n are in the set N 0 ∪ {+∞}, and N 0 is the set of non-negative integers, provided that there exist adjoint sequences (F m , · · · , F 1 , F 0 = i, F −1 , · · · , F −n ) and (G m , · · · , G 1 , G 0 = Q, G −1 , · · · , G −n ) such that F m and G m can not have left adjoints at the same time, and that F −n and G −n can not have right adjoints at the same time.
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We stress that the type of S depends on the abelian category A in which S is a Serre subcategory. Since in an adjoint pair one functor uniquely determines the other, every Serre subcategory is of a unique type (m, −n). We will see a Serre subcategory S of type (1, −2), but with adjoint sequences (F 1 , i, F −1 , F −2 , F −3 , F −4 , F −5 ), (G 4 , G 3 , G 2 , G 1 , Q, G −1 , G −2 ).
See Remark 5.5.
A right recollement (B, A, C, i * , i ! , j * , j * ) (see e.g. [P] , [Kö] ) of abelian categories is a diagram
of functors between abelian categories such that (i) i * and j * are exact functors;
(ii) i * and j * are fully faithful; (iii) (i * , i ! ) and (j * , j * ) are adjoint pairs; and (iv) Imi * = Kerj * (and thus i ! j * = 0).
In a right recollement (1.1) the functor i ! and j * are left exact but not exact, in general. A right recollement is also called a localization sequence e.g. in [S] , [G] , [IKM] , and [Kr] , and a step in [BGS] .
A left recollement (B, A, C, i * , i * , j ! , j * ) of abelian categories is a diagram
of functors between abelian categories such that (i) (i * , i * ), (i * , i ! ), (j ! , j * ) and (j * , j * ) are adjoint pairs;
(ii) i * , j ! and j * are fully faithful; and (iii) Imi * = Kerj * .
Thus in a recollement (1.3) the functors i * and j * are exact. So (1.3) is a recollement if and only if the upper two rows is a left recollement and the lower two rows is a right recollement. By V. Franjou and T. Pirashvili [FP] As a consequence, a colocalizing subcategory of a Grothendieck category is localizing. We stress that a right recollement of abelian categories does not necessarily extend to a recollement, and that a localizing subcategory of a Grothendieck category is not necessarily colocalizing. See Subsection 5.2. On the other hand, W. Geigle and H. Lenzing [GL, Prop. 5.3] have proved that any Serre subcategory S of the finitely generated module category of an Artin algebra is always localizing and colocalizing. Theorem 1.3. The type of a Serre subcategory of a Grothendieck category A is in the list
and for each (m, −n) in this list, there exists a Serre subcategory such that its type is (m, −n); and if a Serre subcategory S is of type (+∞, −∞), then A ∼ = S ⊕ (A/S) as categories.
The main tools for proving Theorem 1.3 are the work of strongly hereditary torsion pairs by H. Tachikawa and K. Ohtake [TO; O] , the work of localizing subcategories by Geigle-Lenzing [GL] , and the argument on right (left) recollements of abelian categories, especially Theorems 1.1 and 1.2. This result could also be reformulated in terms of the height of a ladder of a Grothendieck category (see [BGS] , [AHKLY] , [ZZZZ] ). Theorems 1.1, 1.2 and 1.3 do not hold in triangulated categories.
Preliminaries
Throughout A is an abelian category. A subcategory means a full subcategory closed under isomorphisms. We will use the properties of a Grothendieck category A: it is well-powered ([M]) in the sense that for each object A ∈ A, the class of the subobjects of A forms a set; A has coproducts and products, enough injective objects; and the canonical morphism from a coproduct to the corresponding product is a monomorphism (see [F] , [Mit] ).
2.1. Serre subcategories. For Serre subcategories and quotient categories we refer to [G] , [Pop] , and [GL] . A subcategory S of A is a Serre subcategory if S is closed under subobjects, quotient objects, and extensions. If S is a Serre subcategory of A with the inclusion functor i : S → A, then we have the quotient category A/S which is abelian, and the quotient functor Q : A → A/S is exact with Qi = 0, and Q has the universal property in the sense that if F : A → C is an exact functor between abelian categories with F i = 0, then there exists a unique exact functor G : A/S → C such that F = GQ.
A Serre subcategory S is localizing, if the quotient functor Q : A → A/S has a right adjoint j * . In this case, j * is fully faithful ( [GL, Prop. 2.2] ). Dually, a Serre subcategory S is colocalizing, if Q has a left adjoint j ! . In this case, j ! is fully faithful (the dual of [GL, Prop. 2.2] 
−→ C → 0 of exact functors between abelian categories is an exact sequence if and only if i * is fully faithful, i * B is a Serre subcategory of A, j * i * = 0, and j * has also the universal property. In this case, we have Imi * = Kerj * .
2.3. Torsion pairs. For torsion pairs in an abelian category we refer to [D] , [J] , and [TO] . A pair (T , F ) of subcategories of A is a torsion pair ( [D] ), if Hom(T, F ) = 0 for T ∈ T and F ∈ F , and for each object A ∈ A, there is an exact sequence 0 → T → A → F → 0 with T ∈ T and F ∈ F . In this case, the exact sequence is called the t-decomposition of A with respect to (T , F ). A subcategory T (resp. F ) is a torsion class (resp. a torsionfree class) if there exists a subcategory F (resp. T ) such that (T , F ) is a torsion pair. If (T , F ) is a torsion pair, then F = T ⊥0 and T = ⊥0 F , where T ⊥0 := {A ∈ A | Hom(T, A) = 0, ∀ T ∈ T }, and ⊥0 F is dually defined. By S. E.
Dickson [D, Thm.2.3] , if A is a well-powered abelian category with coproducts and products, then a subcategory T (resp. F ) is a torsion class (resp. a torsionfree class) if and only if T (resp. F ) is closed under quotient objects, extensions, and coproducts (resp. under subobjects, extensions, and products).
A subcategory B is weakly localizing, provided that for each object A of A, there exists an exact sequence
with B 1 ∈ B, B 2 ∈ B, and C ∈ B ⊥ ≤1 := {A ∈ A | Hom(B, A) = 0 = Ext 1 (B, A), ∀ B ∈ B}. By W. Geigle and H. Lenzing [GL, Prop. 2 .2], a Serre subcategory S is localizing if and only if it is weakly localizing. Dually, a subcategory B is weakly colocalizing, provided that for each object A of A, there exists an exact sequence
By the dual of [GL, Prop. 2 .2], a Serre subcategory S is colocalizing if and only if it is weakly colocalizing.
Following H. Tachikawa and K. Ohtake [TO] , a torsion pair (T , F ) is hereditary (resp. cohereditary), if T (resp. F ) is closed under subobjects (resp. quotient objects); and it is strongly hereditary (resp. strongly cohereditary), if T (resp. F ) is weakly localizing (resp. weakly colocalizing). Every strongly hereditary (resp. strongly cohereditary) torsion pair is hereditary (resp. cohereditary) (see [TO, Prop. 1.7 * , 1.7]). K. Ohtake [O, Thm. 2.6, 1.6] has proved that if A has enough injective objects (resp. enough projective objects), then every hereditary (resp. cohereditary) torsion pair is also strongly hereditary (resp. strongly cohereditary) (see also [TO, Thm. 1.8 * , 1.8]).
2.4. Let F : C → A be a fully faithful functor between abelian categories. We say that F is Giraud if F has a left adjoint which is an exact functor. Dually, F is coGiraud if F has a right adjoint which is exact. By [TO, Coroll. 3.8, 2 .8], F is Giraud (resp. coGiraud) if and only if F C is a Giraud subcategory (a coGiraud subcategory) of A in the sense of [TO] .
Lemma 2.1. Let A be an abelian category.
(1) Given a Giraud functor j * : C → A with an exact left adjoint j * : A → C, there exists
is a right recollement, where i : Kerj * → A is the inclusion functor.
(1 ′ ) Given a coGiraud functor j ! : C → A with exact right adjoint j * : A → C, there exists
is a left recollement, where
−→ C → 0 be an exact sequence of abelian categories. If j * has a right adjoint j * , then j * is fully faithful, and there exists a functor i
−→ C → 0 be an exact sequence of abelian categories. If j * has a left adjoint j ! , then j ! is fully faithful, and there exists a functor i
is a left recollement, where i : Kerj * → A is the inclusion functor.
(3) If (B, C) is a strongly hereditary torsion pair in A. Then B is a Serre subcategory of A and there is a right recollement of abelian category
with Imj * = B ⊥ ≤1 , where i is the inclusion functor and Q is the quotient functor.
is a strongly cohereditary torsion pair in A. Then C is a Serre subcategory of A and there is a left recollement of abelian category
with Imj ! ∼ = ⊥ ≤1 C as categories, where i is the inclusion functor and Q is the quotient functor.
Proof. We only prove (1), (2) and (3). The assertions (1 ′ ), (2') and (3 ′ ) can be dually proved.
(1) By assumption j * is exact, thus Kerj * is an abelian category and the inclusion functor i : Kerj * → A is exact. We claim that i admits a right adjoint i ! : A → Kerj * . In fact, for any Since by assumption B is weakly localizing, by [GL, Prop. 2 .2], the quotient functor Q : A → A/B admits a right adjoint j * : A/B → A which is fully faithful, and Imj * = B ⊥ ≤1 . So j * is a Giraud functor with an exact left adjoint Q. By (1), there exists a functor i
3. Recollements of abelian categories with exact functors 3.1. The following proposition gives the properties of a right recollement of abelian categories we need. Some of them are well-known for recollements of abelian categories (see [FP] , [Ps] , [PV] ).
Proposition 3.1. Let (1.1) be a right recollement of abelian categories. Then
(1) Imi * is a weakly localizing subcategory. Explicitly, for each object A ∈ A, there is an exact
where ω the counit and ζ is the unit.
is a strongly hereditary torsion pair in A, and
(4) The following are equivalent:
(ii) i ! and j * are exact;
is an exact sequence of abelian categories;
(vi) (Imi * , Imj * ) is a hereditary and cohereditary torsion pair in A; (vii) (Imi * , Imj * ) is a strongly hereditary and strongly cohereditary torsion pair in A; (viii) (Imi * , Imj * ) is a strongly cohereditary torsion pair in A.
Proof.
(1) Applying the exact functor j * to the exact sequence 0 
Since i * is fully faithful, ω i * B ′ is an isomorphism, and hence Kerζ A ∼ = i * B ′ ∼ = i * i ! A. So we get the desired exact sequence.
To see Imi * is weakly localizing, by the exact sequence just established, it suffices to prove j * j * A ∈ (Imi * ) ⊥ ≤1 for each object A ∈ A. We only need to show Ext
Let 0 → j * j * A a −→ X → i * B → 0 be an exact sequence. Applying the exact functor j * we get an
(2) Since Imi * = Kerj * and j * is exact, i * B is a Serre subcategory of A. Since j * i * = 0, by the universal property of the quotient functor Q : A → A/i * B we get a unique exact functor F : A/i * B → C such that F Q ∼ = j * . We claim that Qj * is a quasi-inverse of F . In fact, F Qj * ∼ = j * j * ∼ = Id C ; on the other hand, for each object A ∈ A, by (1) there is a functorial isomorphism QA ∼ = Qj * j * A, and hence for each object QA ∈ A/i * B there are functorial isomorphisms
For A ∈ A, considering the exact sequence 0
is a torsion pair in
A, it suffices to show Cokerω A ∈ Keri ! . We see this by applying the left exact functor i ! to the exact sequence 0 → Cokerω A → j * j * A, and using i ! j * = 0. By (1), Imi * is a weakly localizing subcategory. Thus (Imi * , Keri ! ) is a strongly hereditary torsion pair.
(4) (i) ⇒ (ii) : Applying the left exact functor j * to a given exact sequence 0
; then by applying the exact functor i ! we see i ! Coker(j * g) = 0 (since i ! j * C 2 = 0). Applying the exact functor j * we get an exact sequence
and thus j * Coker(j * g) = 0. So Coker(j * g) = i * B for some B ∈ B, and hence 0 = i ! Coker(j * g) =
Thus Coker(j * g) = i * B = 0, which proves the exactness of j * .
(ii) ⇒ (iii) : We first claim Imj * = Keri ! . It is clear that Imj * ⊆ Keri ! . For each object A ∈ Keri ! , by (1) we have an exact sequence 0 → A → j * j * A → i * B → 0; applying the exact functor i ! we see that i ! i * B = 0, and hence B ∼ = i ! i * B = 0. So A ∼ = j * j * A ∈ Imj * . This proves the claim. Thus Imj * = Keri ! is a Serre subcategory. It remains to prove that i ! has the universal property. For this, assume that F : A → B ′ is an exact functor such that F j * = 0. Applying F to the exact sequence in (1) we get a functorial isomorphism
(iii) ⇒ (iv) : For each object A ∈ A, applying the exact functor i ! to the exact sequence in (1),
we get an exact sequence 0 → i
Thus B ∼ = i ! i * B = 0 and hence we get the desired exact sequence.
(iv) ⇒ (v) : From the given exact sequence one easily see Imj * = Keri ! , and hence (Imi * , Imj * ) is a torsion pair by (3). It remains to prove that Imj * = Keri ! is closed under quotient objects.
For this, let 0 → A 1 → A −→ A 2 → 0 be an exact sequence with A ∈ Keri ! . Then we get a commutative diagram with exact rows and columns:
Applying the Snake Lemma to the two columns on the right, we get an exact sequence 0
(v) ⇒ (vi) : Since Imi * = Kerj * and j * is exact, Imi * is closed under subobjects. So (Imi * , Imj * )
is a hereditary and cohereditary torsion pair.
(vi) ⇒ (vii) follows from [TO, Thm. 4 .1] (we stress that this step does not need that A has enough injective objects). closed under quotient objects. So i * B ∈ Imi * ∩ Imj * = {0}, and hence we get the exact sequence
Then we get a commutative diagram (3.1) with exact rows and columns. Applying the Snake Lemma to the two columns on the right, we get an exact sequence
Applying the left exact functor i
and hence we have the exact sequence 0
. This proves the exactness of i ! .
3.2. We state the dual result on left recollements without proofs.
Proposition 3.2. Let (1.2) be a left recollement of abelian categories. Then
(1) Imi * is a weakly colocalizing subcategory. Explicitly, for each object A ∈ A, there is an
where ǫ the counit and η the unit. (4) The following are equivalent:
(ii) i * and j ! are exact;
(vi) (Imj ! , Imi * ) is a hereditary and cohereditary torsion pair of A; (vii) (Imj ! , Imi * ) is a strongly hereditary and strongly cohereditary torsion pair of A; (viii) (Imj ! , Imi * ) is a strongly hereditary torsion pair of A.
Remark 3.3. By Lemma 2.1(1) (resp. Lemma 2.1(1 ′ )), there is a bijective correspondence between right (resp. left) recollements and Giraud functors (resp. coGiraud functors).
By Lemma 2.1(3) and Proposition 3.1(3) (resp. Lemma 2.1(3 ′ ) and Proposition 3.2(3)), there is a bijective correspondence between right (resp. left) recollements and strongly hereditary (resp. strongly cohereditary) torsion pairs.
3.3. To prove Theorem 1.1 we use the following fact, in which the first assertion is just [TO, Lemmas 4.2, 4.2 * ]. For the use of the second assertion, we include a proof.
Lemma 3.4. Let (U, V) and (V, W) be torsion pairs in A. Assume that U is closed under subobjects and W is closed under quotient objects. Then U = W.
For each object
Proof. Consider the push-out of g and h, we get a commutative diagram with exact rows and columns
Since V and W are closed under quotient objects, B ∈ V ∩ W = {0}. Since U and V are closed under subobjects, E ∈ U ∩ V = {0}.
and hence g is a splitting epimorphism
and hence h is a splitting epimorphism. Taking A ∈ U and A ∈ W, respectively, we see that U = W. 
It is routine to verify that
where i is the inclusion functor and Q is the quotient functor. By Proposition 3.2(2), 0 → B i * → A j * → C → 0 is an exact sequence of abelian categories. By the universal property of the functors j * and Q, we get a commutative diagram
and hence we get a recollement
Corollary 4.2. A colocalizing subcategory of a Grothendieck category is localizing.
Proof. Let S be a colocalizing subcategory of a Grothendieck category A. That is, the quotient functor Q : A → A/S has a left adjoint, denoted by j ! : A/S → A. By the dual of [GL, Prop. 2 .2], j ! is fully faithful. So j ! is a coGiraud functor with exact right adjoint Q. By Lemma 2.1(1') there exists a functor i * : A → KerQ = S, such that (S, A, A/S, i * , i, j ! , Q) is a left recollement, where i : S → A is the inclusion functor. Then by Theorem 1.2 this left recollement can be extended to be a recollement, so Q has a right adjoint, i.e., S is localizing.
5. Proof of Theorem 1.3 5.1. Serre subcategories of type (0, 0). For a ring R, let ModR be the category of right Rmodules. If R is a right noetherian, let modR be the category of finitely generated right R-modules.
Lemma 5.1. Let R be a right noetherian ring. Then modR is a Serre subcategory of type (0, 0).
Proof. It is clear that modR is a Serre subcategory of ModR. Let i : modR → ModR and Q : ModR → ModR/modR be the inclusion functor and the quotient functor, respectively. Assume that the type of modR is not (0, 0). Then there exist either adjoint pairs (i 1 , i) and (j 1 , Q), or adjoint pairs (i, i −1 ) and (Q, j −1 ).
In the first case, by Lemma 2.1(2 ′ ) we get a left recollement
By Proposition 3.2(3) we have a torsion pair (Keri 1 , modR) in ModR. Thus the torsionfree class modR is closed under products, which is absurd.
The dual argument shows that the second case is also impossible. We give a direct proof. For each X ∈ ModR/modR we have Hom R (M, j −1 X) ∼ = Hom ModR/modR (QM, X) = 0 for all M ∈ modR. So j −1 X has no non-zero finitely generated submodule. Thus j −1 X = 0. Since j −1 is fully faithful, ModR/modR = 0, i.e., modR = ModR, which is absurd.
Serre subcategories of type (0, −1).
Lemma 5.2. Let Ab t be the category of the torsion abelian groups. Then Ab t is a Serre subcategory of type (0, −1).
Proof. Let Ab f be the category of the abelian groups in which every non-zero element is of infinite order. Then (Ab t , Ab f ) is a torsion pair in ModZ. Let i : Ab t → ModZ and Q : ModZ → ModZ/Ab t be the inclusion functor and the quotient functor, respectively. Since Ab t is closed under submodules, it follows from [TO, Thm. 1.8*] (also [O, Thm. 2.6] ) that (Ab t , Ab f ) is a strongly hereditary torsion pair. By Lemma 2.1(3) we get a right recollement
Thus (Ab t , Keri −1 ) is a torsion pair, by Proposition 3.1(3). Comparing with the torsion pair (Ab t , Ab f ) we get Ab f = Keri −1 .
Assume that the type of Ab t is not (0, −1). Then there exist either adjoint pairs (i 1 , i) and (j 1 , Q), or adjoint pairs (i −1 , i −2 ) and (j −1 , j −2 ).
In the first case, by Lemma 2.1(2 ′ ) we get a left recollement (Ab t , ModZ, ModZ/Ab t , i 1 , i, j 1 , Q), and hence (Keri 1 , Ab t ) is a torsion pair, by Proposition 3.2(3). So the torsionfree class Ab t is closed under products, which is absurd.
In the second case, the functor i −1 is exact, and hence Ab f = Keri −1 is closed under quotient groups, which is absurd.
Remark. The above argument also shows that there is a right recollement of abelian categories which can not be extended to a recollement (cf. Theorem 1.2), and that a localizing subcategory is not necessarily colocalizing (cf. Corollary 4.2).
5.3. Serre subcategories of type (0, −2) and (1, −1).
Lemma 5.3. Let A be a Grothendieck category. Assume that both (T , G) and (G, F ) are hereditary torsion pairs in A, such that T is not a torsionfree class. Then T is a Serre subcategory of type (0, −2), and G is a Serre subcategory of type (1, −1).
Proof. It is clear that T and G are Serre subcategories. Since A is a Grothendieck category, A has enough injective objects. Since (T , G) is a hereditary torsion pair, it follows from [TO, Thm. 1.8 * ] that (T , G) is strongly hereditary. By Lemma 2.1(3) there is a right recollement
with Imj −1 = T ⊥ ≤1 , where i T and Q T are respectively the inclusion functor and the quotient functor. We claim
weakly localizing subcategory, by definition there exists an exact sequence
such that T 1 ∈ T , T 2 ∈ T , and C ∈ T ⊥ ≤1 . But (T , G) is a torsion pair, a = 0 and T 1 = 0. Since G is closed under quotient objects, Imb ∈ G. Since by assumption T is closed under subobjects, Imb ∈ T ∩ G = {0}. So G ∼ = C ∈ T ⊥ ≤1 . This proves the claim.
Since (T , G) is a hereditary and cohereditary torsion pair, it follows from [TO, Thm. 4 .1] that (T , G) is a strongly cohereditary torsion pair. By Lemma 2.1(3') there is a left recollement
with Imj ! = ⊥ ≤1 G, where i G and Q G are respectively the inclusion functor and the quotient functor.
Since we have shown
Put j ! to be the equivalence A/G → j ! (A/G) = T , and j −1 to be the equivalence A/T → j −1 (A/T ) = G. We claim the diagram of functors
is a right recollement. In fact, since
is an adjoint pair. By Proposition 3.2(1), for each object A ∈ A there is an exact sequence 
Rewrite this we get a diagram of functors
(note that this is not a left recollement, since i −2 and j −2 are not exact). Hence we have a diagram of functors
Putting (5.1) and (5.2) together we get a diagram of functors
Assume that the type of T is not (0, −2). Then there exist either adjoint pairs (i 1 , i T ) and (j 1 , Q T ), or adjoint pairs (j −2 j ! −1 , i −3 ) and ( j −1 −1 i −2 , j −3 ).
In the first case, by Lemma 2.1(2 ′ ) we get a left recollement (T , A, A/T , i 1 , i T , j 1 , Q T ), and hence (Keri 1 , T ) is a torsion pair, by Proposition 3.2(3). This contradicts the assumption that T is not a torsionfree class.
In the second case, all the functors in (5.3) are exact, and hence (5.3) is a recollement (A/T , A, T ).
By Theorem 1.1 we have i T ∼ = j −2 j ! −1 and Q T ∼ = j −1 −1 i −2 , and hence both i T and Q T have left adjoints. This goes to the first case.
Thus the type of T is (0, 2). This also proves the type of G is (1, −1) .
commutative ring and I is an idempotent ideal of R. Put G := {M ∈ ModR | M I = 0}. Then G is a TTF-class in ModR, i.e., G is a torsion and torsion-free class, since G is subobjects, quotient objects, extensions, coproducts and products. So we have a TTF-triple (T , G, F ). We claim that T is closed under subobjects. By [D, Thm. 2.9] this is equivalent to say that G is closed under taking injective envelopes. Thus, it suffices to prove that for any M ∈ G, the injective envelope Since K i ∈ T but R / ∈ T , T = {M ∈ ModR | M I = M } is not closed under products. Thus T is not a torsion-free class. By Lemma 5.3, the type of T is (0, −2) and the type of G is (1, −1).
It is clear that
E(M ) of M satisfies E(M )I = 0. Otherwise, there is an m ∈ E(M ) with mI = 0. Set L := {b ∈ I | mb = 0}. Then L = ∅. Choosing b ∈ L such that
5.4.
Serre subcategories of type (1, −2) and (2, −1). Let R and S be rings, S M R a non-zero S-R-bimodule, and Λ = ( R 0 M S ) the triangular matrix ring. A right Λ-module is identified with a triple (X, Y, f ), where X is a right R-module, Y a right S-module, and f : Y ⊗ S M → X a right R-map; and a left Λ-module is identified with a triple ( U V ) g , where U is a left R-module, V a left S-module, and g : M ⊗ R U → V a left S-map ( [ARS, p.71]) . Put e 1 = ( 1 0 0 1 ) and e 2 = ( 0 0 0 1 ). It is well-known that there is a ladder of abelian categories (see [CPS, Sect. 2] , [PV, 2.10] ; also [H, 2.1] , [AHKLY, Exam. 3.4 
i.e., the upper three rows form a recollement of abelian categories, and (i −1 , i −2 ) and (j −1 , j −2 ) are adjoint pairs, where
where the right Λ-module R is given by r r Up to now we have proved Claim 1. So, from now on we assume that h ≤ 4, i.e., m + n ≤ 3. Then the type (m, −n) of B is in the list such that (i 1 , i) and (j 1 , Q) are adjoint pairs. Then j 1 is fully faithful, by the dual of [GL, Prop. 2.2] . So it is a left recollement, and hence by Theorem 1.2 it can be extended to be recollement. This shows that the type of B is not in the set {(3, 0), (2, 0), (1, 0)}. → B → 0 is an exact sequence of abelian categories, and hence i −2 is fully faithful, by Lemma 2.1(2). So the upper three rows form a recollement (A/B, A, B, Q, j −1 , j −2 , i, i −1 , i −2 ), and then i ∼ = i −2 and Q ∼ = j −2 by Theorem 1.1. Thus the type of B is (+∞, −∞), which is absurd.
